b g"""=0. (1) Here rt = g( xt) is the interfacial elevation, 5 = p2/ p~(&1) is the density ratio, cr and b are small parameters given by n = a/hn, 8 = hn// where a and I are typical amplitude and wavelength of the wave, respectively, and hn is the undisturbed depth of the lower layer. The operator H is the Hilbert transform and the subscripts t and x appended to rt denote partial differentiations.
The development of the theory of nonlinear waves has enabled us to describe the wave propagation in physical systems by simple nonlinear evolution equations (NEEs) [1 -3] For the study of large amplitude waves, however, one must take into account higher-order nonlinearities. In the context of water waves, various types of higher-order KdV equations have been derived in accordance with the physical situation under consideration and the properties of solutions have been studied in detail. For instance, the interaction process between two solitary waves has been investigated both analytically [4 -6] and numerically [7 -10] .
Recently, the author derived a higher-order BenjaminOno (BO) equation that describes interfacial waves in a two-layer fluid system and obtained a solitary wave solution [11] . In contrast to the great deal of work which has been done for the higher-order KdV equations, there appears to be a dearth of study dealing with the effect of higher-order nonlinear and dispersive terms on the BO equation. The BO solitons have novel characteristics [12] [13] [14] in comparison with those of the KdV equation. One is that they have a profile expressed in terms of algebraic functions. Another remarkable aspect is that they exhibit no phase shift after collisions. Our primary concern is to study how these important characteristics are altered owing to the addition of higher-order terms.
In this Letter, we shall focus our attention on the interaction process of solitary waves. In particular, the total changes of the amplitude and the phase after overtaking collision between two solitary waves are calculated analytically by developing a multisoliton perturbation theory for the BO equation. It will be shown that the amplitudes of solitary waves do not change after interaction while the phase shifts occur depending on the amplitude ratio of both solitary waves and the density ratio of two layers. [1] : mt+~+ 2Nnn'+ 215809"" 83m 93 2 2 b g"""=0. (1) Here rt = g( xt) is the interfacial elevation, 5 = p2/ p~(&1) is the density ratio, cr and b are small parameters given by n = a/hn, 8 = hn// where a and I are typical amplitude and wavelength of the wave, respectively, and hn is the undisturbed depth of the lower layer. The operator H is the Hilbert transform and the subscripts t and x appended to rt denote partial differentiations.
It
should be remarked that in the derivation of (1) the ordering u = O(b) has been introduced between the two parameters. In the first order of the approximation, Eq. (1) reduces to the BO equation provided that the condition a «5 ( 1 holds, which is assumed implicitly throughout the analysis. Equation (1) (10) and then rewriting the resultant equations in terms of the original time variable t, we finally obtain the time evolution of a, and g, as follows:
Equation (3) is just the BO equation and the equations for j ) 1 become linear inhomogeneous equations for u, .
As a solution of (3), we take the N-soliton solution [12] which includes the N amplitude parameters a, and the N phase parameters g, (j = 1, 2, . . . , N). We note that in the limit of tp~0 0, up is decomposed into a superposition of N algebraic solitary waves, the jth of which has aj and ((; as the independent parameters.
The fundamental assumption in the following discussion is that these parameters are slowly varying functions of t, (j~1 ) in the presence of the perturbation. The time evolution of a, and $, is determined by the compatibility conditions such that Eq. (4) It should be stressed that these results are valid over the time interval 0 ( t~e '. Beyond the upper limit of the interval, the higher-order modulation effects must be taken into account. The leading-order analysis here may be termed adiabatic approximation because it disregards the emission of radiation as well as the distortion of the shape of solitons due to perturbation. In order to elucidate these first-order effects, one must proceed to a higherorder approximation.
To be more specific, it is necessary to solve Eq. (4) 
